We study junctions of vortices, or boojums, at the interface between color and hadronic superconducting/superfluid phases. This type of interface could be present in the interior of neutron stars, where an inner core made of quark matter in the color-flavor-locked phase is surrounded by an outer shell of superconducting protons and superfluid neutrons. We study the fate of magnetic (proton) and superfluid (neutron) vortices as they enter the color-flavor locked phase. We find that proton vortices terminate on Dirac monopoles of the massless magnetic field, and magnetic fluxes of massive gauge field spread along the surface and are screened by surface superconducting currents.
I. INTRODUCTION
Superfluidity is a remarkable quantum phenomenon appearing in a wide range of physical systems, from helium superfluid [1] and ultra-cold atomic gasses [2] , to quantum chromodynamics (QCD) and cosmology [3] . One of the outstanding consequences of superfluidity is the existence of quantized vortices. The observation of quantized vortices gives a direct evidence of superfluidity; for instance, ultra-cold atomic Bose-Einsten condensates (BECs) were proved to be superfluids by the direct observation of an Abrikosov vortex lattice under the rotation [4] . The superfluidity of fermionic atomic gasses was also shown in the all range of BEC/BCS crossover by observing the vortex lattices [5] . Superfluid vortices also play central roles in quantum turbulence in superfluid helium and atomic BECs [6] .
When vortices cross an interface between two distinct superfluid phases, they may form very interesting structures called "boojums", which appear around the interface [1] . Various types of boojums have been already studied in nematic liquids [7] , superfluids at the edge of a container filled with 4 He, at the A-B phase boundary of 3 He [8] , in multi-component or spinor Bose-Einstein condensates [9] [10] [11] . Such boojums are also considered in field theories such as non-linear sigma models [12] and U (1) gauge-theories [13] .
In this Letter we report our finding of "colorful boojums" appearing at the interface [14] of a color superconductor. It is most likely that the npe phase exists in the core of neutron stars, where neutrons and protons are superfluid and superconducting, respectively. Since neutron stars are rotating rapidly and are accompanied by large magnetic fields, both superfluid and superconducting vortices exist in the npe phase [15] . Such vortices are expected to explain the pulsar glitch phenomenon [16] . On the other hand, it has been shown that, at extremely high density, hadrons are melt into quark matter which exhibits color superconductivity as well as superfluidity [17] [18] [19] . This phase of QCD, also called color-flavor-locked phase (CFL), may exist in the inner core of neutron stars. When the matter in the CFL phase is rotating, such as in the core of neutron stars, superfluid vortices [20, 21] are inevitably created and expected to constitute a vortex lattice. However, the simplest superfluid vortex carrying integer circulation is unstable and decay [20] [21] [22] into a set of three non-Abelian vortices [23] , each of which carries a color-magnetic flux and 1/3 quantized circulation [23, 24] . It is non-Abelian vortices which constitute a lattice [22] and may play various roles in the inner core of a neutron star [25] if the CFL phase is actually present there.
We show that boojum structures are created when superfluid and superconducting vortices of the npe phase penetrate into the CFL core. We find that the proton boojums are accompanied by Dirac monopoles and surface superconducting currents while neutron boojums are accompanied by confined color-magnetic monopoles of two different kinds. We also obtain the shape of the neutron boojum split into three color magnetic vortices.
II. VORTICES IN THE CFL PHASE
The CFL phase is characterized by the di-quark condensate [17, 18] :
where i, j, k = u, d, s are flavor indices, while α, β, γ = r, g, b are color indices. The quarks pair in a parity-even, spin singlet channel, while the color and flavor wave functions are completely antisymmetric. In the ground state of the CFL phase, the order parameter takes the form:
up to color-flavor rotations. If we neglect quark massess, the pattern of symmetry breaking in this ground state is:
apart from a discrete symmetry. The residual color-flavor symmetry is one of the peculiar properties of the CFL phase, which gives raise to a very interesting physics. The symmetry breaking pattern allows for the existence of stable semi-superfluid non-Abelian vortices [23] , topologically characterized by:
These vortices wind both in the SU (3) C and U (1) B groups, and consequently they carry color magnetic fluxes and quantized circulation. A peculiarity of these vortices is that they further break the residual color-flavor symmetry to its subgroup SU (2) C+F × U (1) C+F . This breaking allows the existence of Nambu-Goldstone modes localized along the vortex core [22, 26, 27] :
along the vortex.
It turns out that flavor symmetry already includes the electromagnetic group U (1) em , because its generator is proportional to one of the generators of the flavor group SU (3) F : 
with gauge couplings e and g of U (1) em and SU (3) C , respectively.
As we showed in [28] , when the electromagnetic interactions are included the degenerate set (5) is partially lifted by a small potential. There are two types of vortices left, which wind differently inside the color group. The "BDM" vortex [23] , that winds only along 
written in terms of the massive and massless combinations (6). Here we have defined
Because we are interested only in static solutions, we omitted the terms involving time derivatives in Eq. (7). From Eq. (7) we can see that the massless field A 0 decouples and does not interact with the vortices in the diagonal entry.
The BDM solution is described in the polar coordinates (r, θ) as
The CP 1 + vortex is instead described by
and the CP 1 − , having the winding in the remaining entry and the same tension, is obtained by SU (2) C+F transformations.
The low-energy effective action for the gapless excitations in Eq. (5) along the vortex line (in the x 3 direction) can be described by a 1+1 dimensional vortex world-sheet theory [26] 
where we have introduced the homogeneous coordinates φ = (φ 1 , φ 2 , φ 3 ) T of CP 2 , subject to the condition φ † φ = 1, and we have restored time derivatives for completeness. Here, C is a finite constant [26] and K 0,3 is obtained from weak coupling calculations as
c . The isometry corresponding to T 8 ∝ T em is gauged [33] , but we do not need it for our study.
The BDM vortex corresponds to φ = (1, 0, 0), the CP 1 + one to φ = (0, 1, 0) and the CP 1 − one to φ = (0, 0, 1). The BDM and CP 1 vortices are separated by a potential energy barrier due to the electromagnetic interactions [28] . When the mass of the strange quark is negligible with respect to the chemical potential, this potential is the relevant one (larger than the quantum mechanically induced one [34] ), and the BDM solution proves to have the lowest tension, while CP 1 vortices have a slightly higher energy, which makes them metastable.
However, such high chemical potential is not realistic for the inner layers of a neutron star.
If the strange quark mass is not negligible compared to the chemical potential, an additional term has to be included in the GL Lagrangian [31] : V s = Tr Φ † 2 3
s . The implications of this potential for the vortex solutions can be seen by looking at the effective action for pure color vortices, neglecting the electromagnetic coupling. The effective potential is induced [35] :
where the coefficient D is given by using the vortex profile functions as
. By looking at the potential (11) we see that the most stable vortex is identified by |φ 2 | = 1, which in our notations is just the CP 1 + vortex. In a typical situation expected to be realized in the interior of a neutron star, this potential is largely dominant as compared as the one generated by electromagnetic interactions, and the CP 1 + vortex turns out to be the most stable solution into which the other vortices must decay. Thus we expect that this kind of vortex plays a fundamental role for the physics of neutron stars.
III. BOOJUMS AT THE INTERFACE
The inner structure of neutron stars is still not completely clarified. However, it is now widely accepted that the outer region of the star core is in the npe phase, where protons are superconducting, while neutrons are superfluid. The inner region may be characterized by the presence of hyperons or of the CFL phase. Here we consider the second possibility.
The fast rotation of neutron stars is responsible for the formation of a triangular lattice of superfluid neutron vortices in the npe phase and of color vortices in the CFL phase. The internal structure of magnetic fields is not known well yet, but it is reasonable to expect that the magnetic fields present at the surface of the star penetrate into the inner shells, where they are eventually confined into proton vortices when they reach the superconducting npe phase.
We now analyze the possible structures at the interface between the npe and CFL phases, that can be created when neutron and proton vortices hit the separation surface.
Superconducting proton vortices carry a unit of magnetic flux Φ 0 = π/e. Moreover, they do not carry any unit of circulation. A proton vortex thus corresponds to a topologically trivial configuration once it enters the CFL phase. The proton vortex thus disappears at the interface and a boojum is formed at the vortex ending point in the CFL phase region.
The disappearance of the proton vortex can be described as follows. When penetrating into the CFL phase, the U (1) em magnetic flux is converted into both the fluxes corresponding to the massive and massless combinations A M and A 0 . This is due to conservation of flux and to the the mixing (6) This looks like a Dirac monopole as is common in boojums in other systems such as helium superfluids. This boojum is qualitatively depicted in Fig. 1(a) . In fact, as explained in [28] , the BDM vortex carries a U (1) em magnetic flux
while the CP
Moreover, the color neutrality imposes the formation of all the three kinds of vortices. At a typical distance ξ from the interface, though, the BDM and the CP 1 − solutions will "decay" to the CP 1 + vortex, due to their instability. We can estimate the length scale ξ by referring to the low-energy effective action (10) . Following the same steps of [35] we obtain:
with "realistic" values for the physical quantities µ ∼ 500MeV, ∆ ∼ 10MeV, K 3 = 9. This length has to be compared with the thickness d of the interface, which can be seen as a domain wall between the two different phases [14] . Using the same values for physical parameters, we get d 10 −2 ξ. Then the vortices decay at large distances from the interface. is instead realized by a color-magnetic and U (1) em magnetic monopole, because for these vortices both the U (1) em magnetic and color-magnetic fluxes are different. The colorful boojum originated by neutron vortices is qualitatively depicted in Fig. 1(b) .
In order to present a more realistic structure of the neutron boojum, we have modeled the system as a regular lattices of boojums where the relative separation between vortices in a single boojum is denoted by y(z) as a function of the distance z from the interface.
The center of the i-th boojum at the interface is indicated by x i . We use the Nambu-Goto action and approximate the interaction of vortices with that of global parallel vortices. The energy, per unit length, of the lattice is then:
where N is the number of boojums and T is the tension of a color-magnetic vortex. The first term in the potential above is the interaction energy between vortices in the same boojum while the second term represents the one between boojums, where the shape of the boojum has been neglected. Notice that the first term in the potential has to be regularized in the limit y → 0. The numerical shape of the boojum is shown in Fig. 2 , where we have evaluated the interaction potential for a one dimensional lattice for simplicity. The most important property of the boojum that can be inferred from this very simplified numerical analysis is that the longitudinal size scales proportionally to the transverse lattice spacing. We have also checked that this property and the shape of the boojum also do not depend on the choice of the regularization of the interaction potential for coincident vortices.
IV. CONCLUSIONS
In summary we have found that when neutron superfluid and proton superconducting vortices hit the interface between the npe and CFL phases, two different boojums appear at these ending points. The magnetic flux of a proton vortex is decomposed into fluxes of the massive and massless combinations of gauge fields in the CFL phase. The former is screened and expelled completely from the CFL phase by formation of color-magnetic surface currents, while the latter can spread freely into the CFL phase with the boojum as a source (a Dirac monopole). A neutron boojum realizes a junction between the three non-Abelian vortices carrying different color magnetic flux with the total flux canceled out at the contact point, where two of these vortices turn into the stable one through confined monopole junctions. One of these confined monopoles has a purely color magnetic charge; the other has also U (1) em magnetic charge. We finally have modeled the system to derive the shape of the boojum.
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